Abstract: We show in this note that cut elimination in deduction modulo subsumes cut elimination in deduction with the folding and unfolding rules.
In rst-order natural deduction, a cut is a sequence formed with an introduction rule followed by an elimination rule. This notion can be extended to deal with the axioms of some theories, e.g. type theory, set theory, the Strati ed Foundations, ... Prawitz 10] proposes a rather uniform way to extend the notion of cut by rst extending rst-order natural deduction with two rules: folding and unfolding (called -introduction and -elimination by Prawitz) and then considering a sequence of such rules as a new form of cut (see also 2, 9, 1, 3, 8] ). We have recently proposed another way to extend deduction called deduction modulo 5, 7] where propositions equivalent modulo a congruence are identi ed. Identifying propositions this way extends the notion of cut. We show in this note that deduction modulo subsumes deduction with the folding and unfolding rules.
1 Deduction with the folding and unfolding rules
In this note, we consider a xed theory T formed with axioms 8x 1 ::: 8x n (P i , Q i )
where the P i 's are atomic propositions and the Q i 's arbitrary propositions. We say that a proposition B folds to an atomic proposition A (resp. that A unfolds to B)
if A = P i and B = Q i for some axiom 8x 1 ::: 8x n (P i , Q i ) of T and some substitution . We assume that T is such that an atomic proposition unfolds to at most one proposition. Such a sequence is thus called a folding-unfolding cut.
Cut elimination terminates for some theories T , but it does not for others.
Deduction modulo
In deduction modulo, a theory is formed with a set of axioms ? and a congruence on propositions. Here, the congruence is the smallest congruence identifying P i and Q i for each i.
The deduction rules take this congruence into account. For instance, the modus ponens is not stated as usual A cut in deduction modulo is, like in rst-order logic, a sequence formed with a introduction and an elimination rule. Cut elimination terminates for some congruences, but it does not for others. Proofs in deduction modulo, are written as in rst-order natural deduction, and the proof reduction rules are the same.
Proofs built with the folding rule are written " and proofs built with the unfolding rule are written #. The corresponding reduction rule is "#
Translations
As already said, a sequent ?`A is provable in deduction with the folding and unfolding rules if and only if the sequent T ; ?`A is provable in rst-order natural deduction. The sequent ?`A is also provable in deduction modulo if and only if the sequent T ; ?`A is provable in rst-order natural deduction. Hence the sequent ?`A is provable in deduction with the folding and unfolding rules if and only if it is provable in deduction modulo. This can also be proved directly. If is a proof of ?`A in deduction with the folding and unfolding rules, then the proof ? obtained by erasing the folding and unfolding steps in yields a proof in deduction modulo. The converse is a little bit more di cult. Indeed, if the proposition B unfolds to B 0 then the proposition A^B and A^B 0 are congruent and hence the sequent A^B`A^B 0 has a trivial proof in deduction modulo, using only the axiom rule. But the unfolding rule does not apply to the proposition A^B, but only to the proposition B. Hence the proof of A^B 0 must be written hfst( ); snd( ) #i where the variable is -expanded so that the unfolding rule can apply to the proposition B. This justi es the need of the following lemma. (resp.
(exelim x hx; ( 1 )i) ). Thus, the proof 0 reduces to an introduction 00 and the subproofs of 00 are transformations of subproofs of . 2 Proposition 5.1 Cut elimination terminates in deduction with folding and unfolding rule if and only of cut elimination modulo terminates.
Proof. Assume that cut elimination modulo terminates and consider a cut elimination sequence 1 ; 2 ; ::: in deduction with the folding and unfolding rules. Each i+1 is obtained from i either by reducing a logical cut or a folding-unfolding cut and only a nite number folding-unfolding cut reductions can be performed consecutively (as the size of proofs reduces when we reduce such a cut 6 Comparing deduction modulo and deduction with the folding and unfolding rules In 7] we have shown that a theory modulo had the cut elimination property if it had some kind of many-valued model (whose truth values are sets of proofs) called a pre-model and we have shown that large classes of theories modulo had the cut elimination property. As cut elimination is equivalent in deduction with the folding and unfolding rules and in deduction modulo, these tools can be adapted to prove cut elimination in deduction with the folding and unfolding rules. Alternatively, theories usually presented in deduction with the folding and unfolding rules can equivalently be presented in deduction modulo.
Proofs in deduction modulo are more compact than proofs in deduction with the folding and unfolding rules. First, because the folding and unfolding steps are left implicit in deduction modulo, but also because in deduction with the folding and unfolding rules, as show above, proofs need to be -expanded so that the folding and unfolding rules may be applied. This -expansion could be avoided if we extended the folding and unfolding rules to a conversion rule We would then need to extend the notion of cut and de ne a cut as a sequence formed with an introduction rule, a sequence of conversion rules and an elimination rule 4], i.e. essentially as a cut modulo. At last, deduction modulo is more general than deduction with the folding and unfolding rules, as it does not require that an atomic proposition unfolds to at most one proposition. This permits in particular to include, besides equivalences between propositions such as x y = 0 x = 0 _y = 0, equivalence between terms such as x+0 x. Then a proposition such as (x + 0) (y + 0) = 0 may be equivalent to many propositions such as x (y + 0) = 0, (x+0) y = 0, x+0 = 0_y +0 = 0, x = 0_y = 0, ... while this is not possible in deduction with the folding and unfolding rules.
